This paper investigates the problem of the filter design for linear switched systems with interval time-varying delays under asynchronous switching. A Lyapunov function is designed by using the Lyapunov stability principle. When there exists asynchronous switching between the filter and the system, we prove the stability with a prescribed weighted L 2 − L ∞ performance of the designed linear time-delay augmented filtering error switched systems by using the average dwell time approach. In addition, we use the linear matrix inequality (LMI) method to solve L 2 − L ∞ filter design problem and obtain the filter parameters by solving a set of matrix inequalities. Finally, some numerical simulations are given to illustrate the validity and reliability of the conclusions. INDEX TERMS Switched system, L 2 − L ∞ filter, asynchronous switching, linear matrix inequality (LMI), average dwell time.
I. INTRODUCTION
As an important class of hybrid dynamic systems, a switching system is consisted of a series of continuous time subsystems and the rules that determine how to switch between subsystems. A switching rule is determined by the time, the system status or some other supervisory logic rules to generate different switching signals to determine the category of the switching system [1] . Switching systems are widely used in engineering and social systems, such as aircraft control and communications industries. Many physical devices can also be modeled as switching systems. Therefore, the switching system is worth studying in both theory and application [2] - [5] . For analyzing the stability of the switched systems, quadratic Lyapunov functions and average dwell time methods are usually proposed as effective tools, and many valuable conclusions has been obtained [6] - [8] .
On the other hand, the state estimation with measurement noise input is a very important problem in engineering application. For its wide application in mechanical control, system engineering, aerospace and other fields, the filtering design of switching system has became a hot issue in research, and there are many important results on the filtering problem of switched systems [9] - [12] . For example, the filtering problem of discrete switched systems with time delay is discussed in [10] , [13] . Based on the Lyaounov stability theory, The associate editor coordinating the review of this manuscript and approving it for publication was Feiqi Deng. the robust filtering problem for a class of linear uncertain continuous-time switched systems is studied in [14] .
In addition, time delay is a common and inevitable phenomenon in many practical systems, such as aerospace system, chemical systems and control system. There are two kinds of the time delay in the switching systems. One is the state delay of the systems, which forms the state delay term in the state space expression. The other is the switching delay which means that the switching of the sub-system and the switching of the corresponding controller are asynchronous, that is to say, the real switching instants of the controller (or the filter) exceed or lag behind those of the system. The problem of output tracking control for switched systems with time-varying delay under asynchronous switching is addressed in [15] . The problem of robust L 2 − L ∞ filtering for continuous-time switched systems without time-varying delay under asynchronous switching is investigated in [16] .
Therefore, when designing the controller of the switching system, it can improve the control effect and provide better solution for practical problems by taking into account the asynchronous phenomenon. However, to the best of our knowledge, the issue of filter design of switched linear systems with interval time-delay under asynchronous switching has not fully been investigated, which motivated this study for us.
In this paper, the filter design of switched linear systems with interval time-varying delay under asynchronous switching is studied, and sufficient conditions for the existence of the filters for switched linear systems are derived. The remainder of the paper is organized as follows. In Section 2, we give the problem formulation and some necessary definitions and introduce lemmas. In Section 3, based on the average dwell time approach, the sufficient conditions for the existence and the design of the filters for switched linear systems under asynchronous switching are developed. A numerical example is provided to illustrate the effectiveness of the proposed approach in Section 4 and we conclude this paper in Section 5.
Notations: The notation used in this paper is standard. R n denotes n dimensional Euclidean space, and M T represents the transpose of M . The notation M > 0 indicates that M is real symmetric and positive definite matrix, I represents the identity matrix, 0 represents a zero matrix with appropriate dimensions and diag {· · · } denotes a block-diagonal matrix. L 2 [t 0 , ∞) denotes the space of square integrable functions on [t 0 , ∞). λ min (R) and λ max (R) denote the minimum(maximum) eigenvalue of a matrix R. · denotes the Euclidean norm of a vector and its induced norm of a matrix. The symbol * is used to denote the corresponding transposed block matrix due to symmetry.
II. PROBLEM FORMULATION AND PRELIMINARIES
Consider the following switched systeṁ
where x(t) ∈ R n is the state vector, y(t) ∈ R r is the measurement vector, w(t) ∈ R p is the noise input which is assumed to belong to L 2 [t 0 , ∞), z(t) ∈ R q is the signal to be estimated, ϕ(s) ∈ R n is the initial condition. σ (t) :
[t 0 , ∞) → N * = {1, 2, · · · , N } is a piece-wise constant function of time, called a switching signal which specifies which subsystem will be activated. N denotes the number of subsystems. A i , A di , B i , C i , D i , L i are known real constant matrices, d(t) denotes the time-varying delay satisfying
The switching signal σ (t) discussed in this paper is time dependent, that is σ (t) : {(t 0 , σ (t 0 )) , (t 1 , σ (t 1 )) , · · · , (t k , σ (t k ))}, where t 0 is the initial instant and t k denotes the kth switching instant.
For convenience, σ f (t) is used to denote the practical switching signal of the filter, that can be written as
. k > 0(or k < 0) represents the period that the switching instants of the filter lag behind (or exceed) those of the system. Throughout this paper we consider the case of k > 0. The filtering problem considered in this paper is to design a filter with the following structurė
where
are filtering matrices to be determined later,x(t) ∈ R n is the filter state,ẑ(t) ∈ R q is the output of the filter. It is assumed that the ith subsystem is activated at the switching instant t k−1 , and the jth subsystem is activated at the switching instant t k . Owing to asynchronous switching, the switching instant of the filter corresponding to jth subsystem is t k + k , then there exists a matched period at time
Denote filtering error z e (t) = z(t)−ẑ(t) and the augmented
that is to say, the switched system runs during the matched period, we obtain the following filtering error system :
When t ∈ [t k , t k + k ), k = 1, 2, · · · , we have the following filtering error system :
We give the following definitions and lemmas which play an important role in our later development.
Definition 1: If there exists a switching signal σ (t) such that the trajectory of the filtering error system satisfies
, then filtering error system is said to be exponentially stable. Where α ≥ 0, β > 0, t ≥ t 0 .
Definition 2 [17] : For scalars β > 0 and γ > 0, the filtering error system is said to be exponentially stable with a weighted L 2 − L ∞ performance level γ , if under σ (t) it is exponentially stable with w(t) ≡ 0, and under zero initial condition, that is,
Definition 3 [18] :
Holds for given N 0 ≥ 0, T a > 0, then the constant T a is called the average dwell time and N 0 is the chatter bound. As commonly used in the literature, we choose N 0 = 0. Lemma 1 [19] :
Then
where ξ > 0, κ > 0, t ≥ t 0 . The main purpose of this paper is to design an asynchronous switching filter in the form of (3) for system like (1) such that the filtering error system is exponentially stable with a weighted L 2 − L ∞ performance level γ .
III. MAIN RESULTS
then the filtering error system (4) and (5) with w(t) = 0 is exponentially stable for any switching signal with the average dwell time satisfying
where 0 < ξ < α, θ = e (α+β)h 12 , T − (t 0 , t) denote the total matched period during [t 0 , t] and T + (t 0 , t) denote the total mismatched period during [t 0 , t]. Proof:
, k = 2, 3, 4, · · · , then the filtering error system can be written as (4) .
Consider the following Lyapunov function candidate V 1i (t) = x e T (t)P i x e (t)
Then the time derivative of V 1i (t) iṡ
By (11), we havė
Then during the matched period, V 1i (t) satisfy
(ii), When t ∈ [t k , t k + k ), k = 1, 2, · · · , then the filtering error system can be written as (5) . Consider the following Lyapunov function candidate V 2i (t) = x e T (t)P i x e (t)
Then the time derivative of V 2i (t) iṡ
By (12), we havė
And V 2i (t) satisfy
Considering the whole interval [t 0 , t], the Lyapunov functional candidate is the combination of (15) and (20):
In a word, when t ∈ [t k , t k+1 ), k = 1, 2, · · · , we can get
From (14), it follows that
Moreover, N σ (t 0 , t) and N f σ (t 0 , t) have the following relationship
Notice from (23) that
Then combining (28) and (29) yields
We conclude that the filtering error system in (4) and (5) is exponentially stable. The proof is completed. Theorem 2: Consider the filtering error in (4) and (5), for given positive constants α, β, γ , if there exist positivedefinite symmetric matrices P i ,Q i satisfying (10) such that, for ∀i, j ∈ N * , i = j,
Then the filtering error system is exponentially stable with a weighted L 2 − L ∞ performance level γ for any switching signal with the average dwell time satisfying (13) and (14) .
Proof: It's not hard to be seen that (11) and (12) can be concluded from (31) and (32), then the exponential stability of the filtering error system with w(t) = 0 is satisfied. Thereafter, we consider the L 2 − L ∞ performance for the filtering error system.
Constructing Lyapunov function (24) and using the same method in Theorem 1, the following inequalities can be obtained:
It follows that,
Combining (10),(24) and (36), when t ∈ [t 0 , t 1 ) ∪ [t k−1 + k−1 , t k ), k = 2, 3, 4, · · · , we can get
Under zero initial condition, that is x (t 0 ) = 0, (37) implies
Multiplying both sides of (38) by
By the Schur complement, (33) yields
It follows that e −ξ (t−t 0 )+lnµ γ −2 x T e (t)L T iL i x e (t)
When t ∈ [t k , t k + k ), k = 1, 2, · · · , by the same mathematical operations. We have sup The proof is completed.
Theorem 3: Consider system (1), for given positive constants α, β, γ , if there exist positive-definite symmetric matri-
Then there exists an L 2 − L ∞ filter in the form (3) , such that the filtering error system in (4) and (5) is exponentially stable with a weighted L 2 − L ∞ performance level γ for any switching signal with the average dwell time satisfying (13) and (14), While µ ≥ 1, and satisfying
Moreover, a desired L 2 − L ∞ filter realization is given by
Proof: let the matrix P i and P −1 i be partitioned as
where P 11i ∈ R n×n , S 11i ∈ R n×n VOLUME 7, 2019 By P i P −1 i = I , we have that
Define the following matrices
Firstly, performing congruence transformations to (31) by diag J T i , I , I and diag {J i , I , I }, It follows that
Then using diag S −1 11i , I , I , I , I to pre-multiply and postmultiply the left-hand term of the inequality , and denoting
We can obtain (51). Secondly, performing congruence transformations to (32) by diag J T i , I and diag {J i , I } and using diag S −1 11i , I , I to pre-multipl and post-multiply the left-hand term of the inequality by same way, we also can obtain the (52).
Considering the transfer function of the filter
Then we can obtain (57) Similarly, by the same mathematical operations, we can obtain (53) and (54) The proof is completed.
IV. NUMERICAL EXAMPLE
In this section an example is given to illustrate the effectiveness of the proposed approach. Consider system (1) with N = 2, the system parameters are given as follows: Fig.1 . shows the arbitrary switching signal with the average dwell time satisfying (13) , the state responses of the filtering error system under asynchronous switching are shown in Fig.2 , the filtering error is displayed in Fig.3 .
V. CONCLUSION
In this paper, the L 2 − L ∞ filtering designing for switched system with interval time-varying delay under asynchronous switching has been studied. Based on the average dwell approach, the delay-dependent sufficient conditions for the existence of the filter have been given to guarantee the filtering error system to be exponentially stable with L 2 − L ∞ performance. Different Lyapunov functions are selected for synchronous and asynchronous situations, respectively and the Lyapunov function in this paper are allowed to increase during mismatched periods. This paper provides a method to solve this kind of filtering problem and the design of switching strategy. This method can also be used in other nonlinear control systems with uncertain terms.
